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Underwater quantum communication has recently been explored using polarization and orbital
angular momentum. Here, we show that spatially structured modes, e.g., a coherent superposition
of beams carrying both polarization and orbital angular momentum, can also be used for underwater
quantum cryptography. We also use the polarization degree of freedom for quantum communica-
tion in an underwater channel having various lengths, up to 30 meters. The underwater channel
proves to be a difficult environment for establishing quantum communication as underwater optical
turbulence results in significant beam wandering and distortions. However, the errors associated
to the turbulence do not result in error rates above the threshold for establishing a positive key in
a quantum communication link with both the polarization and spatially structured photons. The
impact of the underwater channel on the spatially structured modes is also investigated at different
distances using polarization tomography.
I. INTRODUCTION
The development of quantum computers and their abil-
ity to factor large prime numbers through Shor’s algo-
rithm, poses a threat to modern communication secu-
rity [1]. Since the realization of the first protocol by Ben-
nett and Brassard in 1984 (BB84), quantum key distri-
bution (QKD) has become the most actively researched
solution for secure communication in a post-quantum
world [2]. At present, quantum communication is a re-
search field reaching maturity with commercial devices
available for optical fibre QKD, experimental demonstra-
tions of satellite-to-ground channels [3, 4], and new pro-
tocols being developed to improve key rates and secu-
rity [5]. There are two primary quantum communication
instances currently investigated: quantum communica-
tion channels and quantum communication protocols [6–
8]. Channels must be experimentally investigated to
demonstrate the transmission fidelity of quantum states,
while new protocols bring advantages in terms of security,
error tolerance, and key rates.
Many different protocols have been developed, some
of which take advantage of high-dimensional quantum
states [9]. Although quantum information is typi-
cally encoded using one of the different photonic de-
grees of freedom (such as polarization, time-bin, posi-
tion and transverse momentum), multiple degrees of free-
dom can be used, forming structured states of light.
The coherent combination of polarization and orbital
angular momentum (OAM) is one example of struc-
tured light, with numerous applications in microscopy,
optical tweezers, classical communication, and quan-
tum information [10]. QKD protocols performed across
free-space channels have been implemented, for exam-
ple, with polarization [11], time-bin [12], OAM [13],
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and structured photons [14, 15]. Likewise, there have
been similar demonstrations in fibre channels [16–19].
Though two-dimensional qubit protocols are the most
commonly implemented, there are advantages to high-
dimensional communication in both noise tolerance [20]
and bit-rate [21] which motivates the study of structured
states [22].
Recently, there have been several studies demonstrat-
ing quantum communication tasks in underwater envi-
ronments [23–26], motivated by the goal of secure com-
munication between submersibles, research vessels, and
surface vehicles. The absorption of water at radio fre-
quencies has resulted in acoustic technology being the
dominant form of communication for the last 100 years.
There exists a transparency window between 400 nm and
500 nm, giving the possibility of optical and quantum
communication at these wavelengths. Theoretical works
predict a maximum practical quantum channel length of
300 m at 418 nm in clear conditions [27]. Though this is a
short distance as compared to the current fibre and free-
space links, it is enough for communication between sub-
mersibles and surface vehicles. Thus far, the feasibility
tests of QKD with polarization encoding has been per-
formed through a 3-m tube of water [24], and through an
indoor testing channel of 55 m [26]. However much like in
air, uncontrolled underwater channels are prone to the ef-
fects of turbulence—caused by local changes in the refrac-
tive index of water from temperature variations—which
displaces and distorts a transmitted beam of light. Re-
cent studies have explored the effects of underwater tur-
bulence on QKD protocols and spatial modes of light in
uncontrolled [23] and natural [25] water channels. How-
ever, the security analysis of different protocols is not
considered in these previous studies. The high loss na-
ture of underwater channels makes the optimization of
the protocol necessary to achieve maximum distances and
key rates. Here, we investigate an underwater channel at
various lengths up to 30 m. The turbulence impact on the
channel is observed through polarization tomography of
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FIG. 1. Experimental setup. The underwater channel was created using a flume 1 m deep and wide, and 50 m long. The
sender setup, Alice, was placed on a trolley which was able to run the length of the flume. Alice’s setup consisted of a 532 nm
diode laser as the source, and a λ/2 and λ/4 waveplate, as well as a q = 1/2-plate for the case of the vector vortex modes
experiment. The beam was sent from the sender, through a glass tube which entered the water thus avoiding the wavy air-water
interface. The beam was directed, from a mirror placed in the tank, through a window on the side of the flume to Bob’s setup.
Bob’s setup, which mirrors Alice’s setup, consisted of a q = 1/2-plate followed by a λ/2 and λ/4 waveplate and a polarizing
beam splitter (PBS). Photons are then coupled to a single-mode optical fibre and detected by a single photon avalanche diode
(SPAD). In order to perform polarization tomography, the reduced Stokes parameters were measured by means of a λ/2 and
λ/4 waveplate, polarizing beam splitter (PBS) followed by a CCD camera.
the spatial modes, showing mode degradation upon prop-
agation through the water. The BB84 protocol is tested
using both polarization states and two-dimensional spa-
tially structured modes. Key rate analysis is performed
showing how optimization of the protocol’s parameters is
important in the high loss scenarios observed in underwa-
ter channels. Moreover the variable channel length gives
us a real-world look into the scaling of such quantum
protocols, and the impact on the key rates.
II. EXPERIMENT
The experimental setup consists of a sender (Alice) and
receiver (Bob), as well as the flume tank which provides
our underwater channel, see Fig. 1. The flume is 1-meter
wide and 1-meter tall; its full length was 50 m. On the
top of the flume was a track with a mounted trolley which
can travel the length of the channel. Alice’s setup was
placed on the trolley such that the channel length could
be adjusted from 1 m to the full 50 m. A periscope
was hung from Alice’s setup so that, with proper beam
alignment, the trolley could be moved up and down the
length of the flume while maintaining beam coupling to a
single mode optical fibre at the receiver. The sender con-
sisted of two configurations for changing between sending
polarization states and sending the spatially structured
modes, e.g., vector vortex modes [28]. For sending polar-
ization states, a 532 nm diode was sent to a polarizing
beamsplitter (PBS), followed by a half-wave plate (λ/2)
and a quarter-wave plate (λ/4) to allow any polarization
state to be generated. Before being transmitted across
the channel, the appropriate neutral density (ND) filters
attenuated the beam to achieve a mean photon number
of 0.1 photons per nanosecond. The vector vortex modes
were generated by adding a q-plate with a topological
charge of q = 1/2 after the polarization optics. At the
receiver, the beam is initially collected by a 3-inch lens so
that the whole beam is gathered even with slight beam
wandering due to the underwater turbulence. The beam
then passes through a λ/2 and λ/4 waveplate and then
a PBS to project on a particular polarization state. The
beam is then coupled to a single mode fibre connected to
a single photon avalanche diode (SPAD) detector. To
detect the vector vortex states, a q-plate with charge
q = 1/2 is placed at the receiver before the polariza-
tion optics. In this way, the detection system mirrors the
generation system. The setup is initially optimized with
the trolley placed at 1 m from the receiver.
Linear polarization states are used to es-
tablish the polarization quantum communica-
tion channel. The two mutually unbiased bases
(MUB) for encryption are |ψi〉 ∈ {|H〉 , |V 〉} and
|φj〉 ∈ {|A〉 = 1√2 (|H〉+ |V 〉), |D〉 = 1√2 (|H〉− |V 〉)}, re-
3spectively. MUB possess the property that a projection
made on the incorrect basis results in no information
gained about the state of the photon, i.e. a probability
of 1/2 for each state |〈ψi|φj〉|2 = 1/2. A full probability-
of-detection matrix is determined by sending each of the
four polarization states and subsequently performing
projective measurements of the four states at the receiver
setup. This probability-of-detection matrix gives us
the quantum bit error rate (QBER) which is used to
calculate the key rate that can be achieved with the
underwater channel. The uniformly polarized photons,
i.e. |ψi〉 and |φj〉, should remain largely unaffected
by the turbulence because water is not a birefringent
medium. Thus, the introduced errors will be negligible
for short distances. The length of the channel and level
of turbulence will, however, introduce more losses as the
photons are not able to be gathered at the receiver. This
will have some effect on the measured error rate since
the losses in the signal will give more weight to the dark
counts and background noise as the distance increases.
TABLE I. Quantum bit error rate and key rates
for polarization BB84. QBER and key rates per sifted
photon for the polarization BB84 protocol are measured
at different propagation distances. Note that in principle,
the polarisation states can be modulated and detected at
100 MHz, and thus the actual key rate is key rate per sifted
photons × modulation rate × sifting efficiency.
distance 0.5 m 10.5 m 20.5 m 30.5 m
QBER (%) 0.27 0.74 3.7 0.96
key rate 0.94 0.87 0.54 0.84
The QBER and key rates for the different distances are
given in Table I. The results show the QBER increasing
slightly as the channel length is increased. The primary
source of these increased errors is the losses that result
from the turbulence at the longer distances. The type
of experiment we performed involves projecting on one
of the polarization states and recording the number of
counts during a set time period. The unpredictable
nature of the turbulence in the channel results in
some periods of time having larger losses due to beam
wandering and spatial distortions. The beam wandering
and spatial distortions, of course, increase with distance,
but are effectively random and difficult to predict in our
uncontrolled environment. This effect, which is random,
results in the high error rate observed for the 20.5 m
channel in comparison with the other channel lengths.
The structured photon states, here, vector vortex
modes, are generated at the sender, and detected at the
receiver by adding q-plates to the setup—details are given
in the caption of Fig. 1. q-plates are patterned liquid
crystal devices which introduce a polarization dependent
geometric phase across the plate when it is illuminated
with circularly polarized beams [29, 30]. The transfor-
mation of a perfectly tuned q = 1/2-plate in the circular
polarization basis, left-circular eL and right-circular eR
states, can be described as,[
eL
eR
]
QP−→
[
eR e
iφ
eL e
−iφ
]
. (1)
As we can see from the above equation, the q = 1/2-
plate will act on circular polarization states by convert-
ing left circularly polarized photons to right circularly
polarized photons with OAM of ` = +1. Similarly, inci-
dent photons with right circular polarization will be con-
verted to left circular with OAM of the opposite sign, i.e.
` = −1. The states used for our structured QKD pro-
tocol are created by sending linear polarization states,
{{|H〉 , |V 〉} , {|A〉 , |D〉}}, onto the q = 1/2-plate. This
results in a state that has a spatially dependent polar-
ization in the form of radial, azimuthal, clockwise and
counterclockwise sink topology, all possessing polariza-
tion topological charge of +1 [28]. This is opposed to the
case when a circular polarization state is sent to the q-
plate resulting in uniform conversion to the opposite cir-
cular polarization and the addition of an OAM of ` = ±1.
The protocol we implemented uses the structured modes
as a 2-dimensional Hilbert space. The first MUB con-
tained the radial and azimuthal states, i.e.,
|Ψi〉 ∈
{
(|L,−1〉+ |R,+1〉)√
2
,
(|L,−1〉 − |R,+1〉)√
2
}
,
(2)
where |pi, `〉 indicates the photons with polarisation and
OAM states of |pi〉 and |`〉, respectively. The states for the
second MUB were the polarisation patterns in the form
of clockwise and counterclockwise sinks (vortex) which
were generated by sending the |A〉 and |D〉 polarization
states onto the q = 1/2-plate, i.e.,
|Φi〉 ∈
{
(|L,−1〉+ i |R,+1〉)√
2
,
(|L,−1〉 − i |R,+1〉)√
2
}
.
(3)
TABLE II. Quantum bit error rate and key rates
for a two-dimensional BB84 using vector vortex
beam. QBER and key rates per sifted photon for the vector
vortex modes protocol are measured at different propagation
distances. Note that in principle the mode generation and
detection can be achieved by polarisation modulators at 100
MHz before (after) q-plates, and thus the actual key rate
is key rate per sifted photons × modulation rate × sifting
efficiency.
distance 1.5 m 5.5 m 10.5 m
QBER (%) 1.44 3.4 1.0
key rate 0.79 0.57 0.84
The combination of polarization, e.g., {|H〉 , |V 〉} and
OAM, e.g., {−1,+1} can be used as a 4-dimensional
Hilbert space for high-dimensional QKD [15]. To avoid
errors assigned to high-dimensional generation and de-
tection schemes [9, 31], we compare the 2-dimensional
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FIG. 2. Polarization tomography of a radially polarized beam for different channel lengths. The reconstructed
spatial polarization profile of the radial polarization mode is shown (top) for the theoretical as well as experimentally recon-
structed beams propagating through the channel length of 1 m, 5 m, and 10 m. The intensity profile is shown in green, while
the orientation of the polarization is shown in the red ellipses. The reconstructed spatial polarization profile was found using
polarization tomography. The reduced stokes parameters were calculated for each pixel using the polarization measurements,
{H,V,D,A,L,R}, shown in the lower insets.
spatial modes with the polarization states. The vector
vortex modes in Eqs. (2) and (3) were used to establish
a quantum channel at 1, 5, and 10 meter distances. The
difficulty with alignment of these spatial modes restricted
us from coupling to single mode fiber for distances longer
than 10 meters. The QBER and consequent key rates for
these channels are given in Table II.
We also study the effect of underwater turbulence on
the spatial profile of vector vortex modes propagating
through different channel lengths. We perform polariza-
tion tomography by measuring the intensity of the struc-
tured beam, using a CCD camera, after passing a polar-
izer for {H,V,A,D,R,L}. From these measurements, the
polarization is reconstructed pixel-by-pixel. The state
sent across the channel is the radial polarization state.
This is created by sending a vertical linearly polarized
Gaussian beam onto the q = 1/2 plate. The resultant
spin-orbit state is (|L,−1〉+ |R,+1〉)/√2. The theoreti-
cal polarization profile as well as the measured profiles for
1, 5, and 10 meters is shown in Fig. 2. The spatial profile
can be seen to degrade as the channel length increases.
This is associated to turbulence in the water channel that
increases by the length [23, 25]. The phase distortion as-
sociated to the turbulence includes not only tip-tilt aber-
rations, but also higher-order effects such as astigmatism
to the spatial profile of the beam. The aberrations in
the underwater scenario are slower than those observed
in air free-space, and thus the astigmatism aberrations
are more easily seen as opposed to the scintillation often
observed in high turbulence cases in the air.
III. KEY RATE ANALYSIS
The initial BB84 proposal is an ideal protocol in which
real single photons guarantee that there are not multiple
photons in any given state which could open a door for
an evesdropping attack, i.e., photon number splitting at-
tack [32]. For the BB84 protocol the number of bits that
can be gained from each signal is,
G =
1
2
Q(1− 2H(e)), (4)
where Q is the gain and H(e) = −e log2 (e) − (1 −
e) log2 (1− e) is the Shannon entropy for the error rate
e. This ideal BB84 key rate requires some assumptions
that are often not valid in practical QKD situations. The
first of these assumption is the use of real single photons,
i.e., heralded pairs, as opposed to an attenuated laser
source. An attenuated laser source is a much more prac-
tical implementation, as photon pairs generated through
spontaneous parametric down conversion (SPDC) are not
deterministic. When using an attenuated source, the
main point of weakness to consider is the possibility of
more than one photon in a pulse. Other practical fac-
tors to consider are the effect of imperfect detectors and
channel losses. These are brought into consideration in
modern security proofs done for practical QKD protocols.
We implement the decoy state protocol in our key rate
analysis [33]. In any protocol using an attenuated laser
source, one must choose the pulse mean photon number
(µ). This µ is taken below 1 such that the Poisson distri-
bution gives a low probability of a 2-photon state. The
density matrix of this signal state is given as,
5TABLE III. Experimental parameters of the underwater polarization channel.
Parameter Dark Counts Source Rep Rate Detector Efficiency Bob’s Detection Efficiency Channel Loss (α)
Flume Result 300 Hz 109 Hz 0.6 0.188 0.57 dB/m
ρ =
∞∑
i=0
µi
i!
e−µ |i〉 〈i| . (5)
Here |i〉 is the Fock state, denoting i number of photons.
In the decoy state protocol, we include another state, the
decoy state, which has a different mean photon number
(ν). The key rate for the decoy state protocol is given
by,
K =
1
2
{−Qµf(Eµ)H(Eµ) +Q1(1−H(e1))}, (6)
where Qµ is the gain of the total signal state sent by
Alice, Eµ is the signal state QBER, Q1 is the gain of
the single photon state, e1 is the error rate of the single
photon state, and f is the error correction efficiency. Q1
and e1 are respectively lower and upper bounded by,
Q1 ≥ µ
2e−µ
µν − ν2
(
Qνe
ν −Qµeµ ν
2
µ2
− µ
2 − ν2
µ2
Y0
)
, (7)
e1 ≤ EνQνe
ν − Y0/2
Q1ν/ (µe−µ)
. (8)
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FIG. 3. Secret key rate for the underwater polariza-
tion channel. The optimal secret key rate for the under-
water channel with the measured attenuation is shown by the
black curve. The experimental points (red) show the key rates
achieved with the quantum bit error rates measured for the
0.5 m, 10.5 m, 20.5 m, 30.5 m channels. The experimental
points, though necessarily lower than the zero-QBER theory,
does follow the theoretical line closely, giving support to the
prediction that 80 meters can be achieved. The dashed line
shows the expected optimal key rate for channel lengths longer
than 30 m. The optimization calculation is performed using
the values stated in Table III.
Here, Y0 is the background rate per pulse, Qν is decoy
state gain and Eν is the decoy state QBER. We can op-
timize the values of µ and ν for different values of loss
(channel distance), given the parameters associated to
our channel. The values for the detector efficiency, dark-
counts, channel loss, and Bob’s detection efficiency mea-
sured for our underwater polarization channels are given
in Table III. These parameters can be used to calculate
the values of µ and ν, which will yield the optimal key
rate for different distances. This optimal key rate is plot-
ted in Fig. 3 as the channel length, i.e., attenuation, is
increased. The optimal key rate is shown in black ac-
counting for errors resulting from dark counts only. The
experimental data points which add the measured QBER
to the background errors are shown in red for the channel
lengths of 0.5, 10.5, 20.5, and 30.5 meters. The achiev-
able key rates of the experimental points fall below the
theoretical line as expected. However, the key rates do
closely follow the trend depicted by the theory, suggest-
ing that a channel length near 80 meters could be suc-
cessfully established with these channel parameters. The
key rate analysis for the vector vortex modes follows the
exact method demonstrated for the polarization states.
The only change is the experimentally observed QBER,
which have similar values to those of the polarization
channels of the similar length - on the order of 1% for
10 m - and thus results in similar key rates. For exam-
ple, the key rate for the 10.5 meter channel of vector
vortex modes is 72 Kbps.
IV. CONCLUSION AND OUTLOOK
We have studied a turbulent underwater channel for
quantum communication using polarization and vector
vortex modes, beams having spatially structured polar-
ization states. Both the polarization and vector vor-
tex modes maintained their fidelity upon propagation
through the channel, resulting in sufficiently low error
rates (QBER) to achieve a secure quantum channel. The
turbulence - primarily beam wandering - introduces sig-
nificant challenges with alignment and coupling to single
mode fibre. In our channel, the beam path is near the
surface of the water for the entire length which results
in relatively high turbulence due to the temperature gra-
dient at the air-water surface. Thus channels operating
at greater depths may see less turbulence than observed
here. Despite these challenges we have shown that both
polarization states and spatially structured polarization
states can be used in an underwater free-space setting,
and for establishing a positive secret key rate for lengths
up to 30 meters. The implementation of automated beam
tracking equipment would allow one to achieve longer
channels approaching the lengths that have been theo-
retically proposed. In fact, the slower turbulence ob-
6served in an underwater channel makes this task of beam
correction much easier than in a free-space air environ-
ment. We also performed key rate analysis taking into
account the parameters measured in our channel. Given
these parameters the maximum distance for secure com-
munication would be 80 meters, though this is extremely
dependent on the attenuation coefficient of the channel,
and Bob’s detection efficiency. Improvements in either
of these areas would significantly extend the maximum
achievable distance.
V. ACKNOWLEDGEMENTS
We would like to thank Nathalie Brunette, Michel
Brassard, Yvan Brunet, and Tony Frade at the Ocean,
Coastal and River Engineering Research Centre of Na-
tional Research Council Canada for all of their efforts
in helping us perform this research. This work was sup-
ported by Joint Centre for Extreme Photonics (JCEP),
Canada Research Chairs (CRC), Canada First Excel-
lence Research Fund (CFREF), and Ontario’s Early Re-
searcher Award. A.S. acknowledges the financial support
of the Vanier graduate scholarship of the NSERC.
[1] P. W. Shor, in Proceedings 35th Annual Symposium on
Foundations of Computer Science (1994) pp. 124–134.
[2] H. Bennett Ch and G. Brassard, Conf. on Computers,
Systems and Signal Processing (Bangalore, India, Dec.
1984), , 175 (1984).
[3] G. Vallone, D. Bacco, D. Dequal, S. Gaiarin, V. Luceri,
G. Bianco, and P. Villoresi, Physical Review Letters 115,
040502 (2015).
[4] S.-K. Liao, W.-Q. Cai, W.-Y. Liu, L. Zhang, Y. Li, J.-G.
Ren, J. Yin, Q. Shen, Y. Cao, Z.-P. Li, et al., Nature
549, 43 (2017).
[5] S. Pirandola, U. Andersen, L. Banchi, M. Berta,
D. Bunandar, R. Colbeck, D. Englund, T. Gehring,
C. Lupo, C. Ottaviani, J. Pereira, M. Razavi, J. S. Shaar,
M. Tomamichel, V. C. Usenko, G. Vallone, P. Villoresi,
and P. Wallden, arXiv preprint arXiv:1906.01645 (2019).
[6] G. Leuchs, C. Marquardt, L. L. SA˜¡nchez-Soto, and
D. V. Strekalov, in Optical Fiber Telecommunications
VII , edited by A. E. Willner (Academic Press, 2020) pp.
495 – 563.
[7] A. K. Ekert, Physical Review Letters 67, 661 (1991).
[8] C. H. Bennett, F. Bessette, G. Brassard, L. Salvail, and
J. Smolin, Journal of cryptology 5, 3 (1992).
[9] F. Bouchard, K. Heshami, D. England, R. Fickler, R. W.
Boyd, B.-G. Englert, L. L. Sa´nchez-Soto, and E. Karimi,
Quantum 2, 111 (2018).
[10] H. Rubinsztein-Dunlop, A. Forbes, M. Berry, M. Den-
nis, D. Andrews, M. Mansuripur, C. Denz, C. Alpmann,
P. Banzer, T. Bauer, E. Karimi, L. Marrucci, M. Padgett,
M. Ritsch-Marte, N. Litchinitser, N. Bigelow, C. Rosales-
Guzma´n, A. Belmonte, J. Torres, T. Neely, M. Baker,
R. Gordon, A. Stilgoe, J. Romero, A. White, R. Fick-
ler, A. Willner, G. Xie, B. McMorran, and A. Weiner,
Photonics Research 19, 013001 (2016).
[11] W. Buttler, R. Hughes, P. Kwiat, S. Lamoreaux,
G. Luther, G. Morgan, J. Nordholt, C. Peterson, and
C. Simmons, Optics Express 27, 37214 (2019).
[12] J. Jin, J.-P. Bourgoin, R. Tannous, S. Agne, C. Pugh,
K. Kuntz, B. Higgins, and T. Jennewein, Optics Express
27, 37214 (2019).
[13] M. Mirhosseini, O. S. Magan˜a-Loaiza, M. N. O’Sullivan,
B. Rodenburg, M. Malik, M. P. Lavery, M. J. Padgett,
D. J. Gauthier, and R. W. Boyd, New Journal of Physics
17, 033033 (2015).
[14] G. Vallone, V. D’Ambrosio, A. Sponselli, S. Slussarenko,
L. Marrucci, F. Sciarrino, and P. Villoresi, Physical Re-
view Letters 113, 060503 (2014).
[15] A. Sit, F. Bouchard, R. Fickler, J. Gagnon-Bischoff,
H. Larocque, K. Heshami, D. Elser, C. Peuntinger,
K. Gu¨nthner, B. Heim, C. Marquardt, G. Leuchs, R. W.
Boyd, and E. Karimi, Optica 4, 1006 (2017).
[16] C. Marand and P. Townsend, Europhysics Letters 23,
383 (1993).
[17] C. Marand and P. Townsend, Optics Letters 20, 1695
(1995).
[18] A. Sit, R. Fickler, F. Alsaiari, F. Bouchard, H. Larocque,
P. Gregg, L. Yan, R. Boyd, S. Ramachandran, and
E. Karimi, Optics Letters 43, 4108 (2018).
[19] G. Xavier and G. Lima, Communications Physics 3, 1
(2020).
[20] S. Ecker, F. Bouchard, L. Bulla, F. Brandt, O. Kohout,
F. Steinlechner, R. Fickler, M. Malik, Y. Guryanova,
R. Ursin, et al., Physical Review X 9, 041042 (2019).
[21] N. T. Islam, C. C. W. Lim, C. Cahall, J. Kim, and D. J.
Gauthier, Science advances 3, e1701491 (2017).
[22] D. Cozzolino, B. Da Lio, D. Bacco, and L. K. Oxenløwe,
Advanced Quantum Technologies 2, 1900038 (2019).
[23] F. Bouchard, A. Sit, F. Hufnagel, A. Abbas, Y. Zhang,
K. Heshami, R. Fickler, C. Marquardt, G. Leuchs, and
E. Karimi, Optics Express 26, 22563 (2018).
[24] S. Zhao, W. Li, Y. Shen, Y. Yu, X. Han, H. Zeng, M. Cai,
T. Qian, S. Wang, Z. Wang, Y. Xiao, and Y. Gu, Applied
Optics 58, 3902 (2019).
[25] F. Hufnagel, A. Sit, F. Grenapin, F. Bouchard, K. He-
shami, D. England, Y. Zhang, B. Sussman, R. Boyd,
G. Leuchs, and E. Karimi, Optics Express 27, 26346
(2019).
[26] C.-Q. Hu, Z.-Q. Yan, J. Gao, Z.-Q. Jiao, Z.-M. Li, W.-
G. Shen, Y. Chen, R.-J. Ren, L.-F. Qiao, A.-L. Yang,
H. Tang, and X.-M. Jin, Photonics Research 7, A40
(2019).
[27] S. Sullivan, Journal of the Optical Society of America 53,
962 (1963).
[28] F. Cardano, E. Karimi, S. Slussarenko, L. Marrucci,
C. de Lisio, and E. Santamato, Appl. Opt. 51, C1 (2012).
[29] L. Marrucci, C. Manzo, and D. Paparo, Physical Review
Letters 96, 163905 (2006).
[30] H. Larocque, J. Gagnon-Bischoff, F. Bouchard, R. Fick-
ler, J. Upham, R. W. Boyd, and E. Karimi, Journal of
Optics 18, 124002 (2016).
[31] F. Zhu, M. Tyler, N. H. Valencia, M. Malik, and
J. Leach, arXiv preprint arXiv:1908.08943 (2019).
7[32] G. Brassard, N. Lu¨tkenhaus, T. Mor, and B. C. Sanders,
Physical Review Letters 85, 1330 (2000).
[33] H.-K. Lo, X. Ma, and K. Chen, Physical Review Letters
94, 230504 (2005).
